APM 346 Lecture 20.

Richard Derryberry

March 21, 2019

Continuing from the end the last lecture, we will consider some applications of spherical harmonics.

References being used: [IvrXX] §8.1] (§8.1) and [Str08, Ch.10].

1 Applications of spherical harmonics

Recall from Lecture 19 that we found a complete orthogonal system for L?-functions on the unit sphere,
Y0, 8) = P™(cos§)e™?,  0<1<oo,|m| <, (1)
which were simultaneous eigenvectors for the Laplacian and the generator of rotations around the z-axis 8%:

AgY™ = =l(1 4+ 1)Y]™,
9 2
—Y" = -m*Y™.
96! m-r
The functions P/™ appearing in are the associated Legendre functions (or Legendre polynomials for m = 0)
given by

L d, o,
Pl(s):ﬁ@(s - 1) (2)
m d’"L
le(s) — (_1)m(1 - 32)7 dSimPl(S), (3)
these solved the differential equations

d dP m?
— (1 —s*)=— 1) — P=0. 4
ds(( s)d8)+<l(l+) 1—32) 0 (4)

1.1 Dirichlet problem inside and outside the ball

Let’s start by considering the problem that we started thinking about last lecture (before we discovered
spherical harmonics):

Au =0, in or outside of Bg(0), (5)
u=g, on Sg(0) = 9Bg(0). (6)

By separating variables u = R(p)Y (0, ¢) we obtained the system of DEs

P*R"(p) + 2R (p) — AR(p) =0, (7)
Ags2Y(0,0) +AY (0,¢) = 0. (8)


http://www.math.toronto.edu/courses/apm346h1/20181/PDE-textbook/Chapter8/S8.1.html
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Solving , we found the spherical harmonics Y™, 0 <1 < oo, |m| <[, where the eigenvalues of the Laplace
operator are given by

A=1(+1). (9)

The radial equation is of Euler type, and has solutions R(p) = p® where a(a+ 1) — (Il + 1) = 0. The
roots of this equation are o = [, —I — 1, one of which is positive, the other of which is negative.

Inside the ball we require the solution be nonsingular at 0; outside the ball we require boundedness. Discarding
either the positive or negative powers of p as is appropriate, we arrive at the separated solutions

i 1(p,0,0) = p'Y™(0, ), (10)
ulte 1(p,0,0) = p~ Y0, 9), (11)

and so the Dirichlet problem has series solutions given by

un =y _ Al p'Y", (12)
=0

Uout = Z Bp~ v, (13)
=0

(14)

where the coefficients Al and B!, are determined by the decomposition of the boundary data g(6, ¢) into
spherical harmonics.

Example 1. Suppose that we want to solve the Dirichlet problem in ball or radius R, Br(0) and with
boundary conditions

9(0, ) = sin(0) cos(#) cos(¢).

Recalling the table of spherical harmonics from last time, we see that this is in fact the real spherical harmonic
Ps (I =2). So the series solution collapses to a single term

u= (%)2 sin(#) cos(6) cos(o).

This can alternately be expressed in cartesian coordinates as

p*xz w2

Remark 1.1. In fact all of the separated solutions for the Laplace equation in the solid ball u}, are given
by polynomials in the cartesian coordinates z,y, z (called — unsurprisingly — harmonic polynomials). As an
exercise you should try to show this — alternately, consult [Str08, Ch.10.3].

1.2 Wave equation on the ball

Now, instead of the Laplace equation, let’s consider the homogeneous Dirichlet problem for the wave equation

uge — > Au =0, in Br(0), (15)
U|SR(O) = O (16)

First let’s separate out the time variable, u = T'(t)v(Z). We get
T'(t) 5 Av
22

Tt L
=—\

:0,
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which gives the system of equations

Av = =), (17)
T"(t) + AM\T(t) = 0. (18)

Equation is called the Helmholtz equation. Separating variables again as v = R(p)Y (0, ¢), we obtain

(p2R//+2pR’ +>\p2> n Ag2Y _

7 v 0.

We already know that the solutions to the Y-eigenvalue problem are spherical harmonics Y;™, with 0 <1 < oo
(since we are inside the ball). Substituting in —I(I + 1) for the Y-terms in the equation we arrive at the
equation

I(1+1)
2

/! 2 / —
®')+ 21 + (A 1) R . (19)

1.2.1 Bessel functions

To solve we will put it into a standard form, whose solutions are known. First make the change of
coordinates w(p) := \/pR(p). We now have

d?w 1 dw I(1+1)+1
alhahed AN~ 7 4 =0. 20
a0+ o+ (2= T ug) (20)
Next, rescale the radial variable as
d d
r = \/Xp, d7p = \/X%
With this rescaling, the ODE becomes

Pw  1dw I(1+1)+1
- 17 4 = 21
dr+rdr+< r2 )w 0, (21)

which is exactly Bessel’s differential equation

at s = \/l(l+1)+§: \/(l+%)2:i(l+§).
How would one actually solve an ODE like ? One way would be to search for a series solution, of the
form
w(r)=r® Z anr™, (23)
n=0

and then use the Bessel equation to obtain

e the possible values of « (solution: a = =+s),

e vanishing of the odd coefficients, and

Gn—2

e a recursion relation on the even coefficients a,, = et



APM 346 Lecture 20 4

For any s € R\ {—1,—2,—3,...} this logic can in fact be followed through to obtain an honest series solution
to , which with its standard normalisation is given by

-y (-1 ry 2t
Ju(r) = nz:% Fn+1)'(n+s+1) (5) ' (24)

Here I' is the gamma function which extends the factorial function on the integers in the sense that

P(n+1)=n!
for n € Z>y.

For an introduction to some of the properties of Bessel functions, see [Str08, Ch.10.5].

1.2.2 Back to the wave equation

Let’s now apply our new-found knowledge of Bessel functions to the wave equation. Our solution w(p) is
going to be a Bessel function, and since we require the solution to be nonsingular at zero we see from
that we need a solution with s > 0. Putting this together, we have that

wip) = iy (Vp),
and so the radial function R is

Jl+%(\/XP)

R(p) = N

(25)

For an idea of what looks like see Figure

Spherical Bessel Functions

Figure 1: The first four spherical Bessel functions.
To determine the allowed values of A, apply the Dirichlet boundary condition R(R) = 0 to find the equation
Ji+1(VAR) = 0. (26)

Remark 1.2. Compare this to the application of Dirichlet BCs to the equation X" +AX =0on 0<z <[ -
there the equation to solve was sin(v/Al) = 0, which we could do explicitly.



APM 346 Lecture 20 5

i Jo(r)

1.0

0.8

0.6

0.4

0.2

TV AVAaT 40 60 80 100

-0.2-

Figure 2: Zeroes of the first spherical Bessel function.

Although we cannot solve explicitly, we are able to say that there are infinitely many zeros, tending
towards infinity (see e.g. Figure . Denote by

Ap <N <Az <-- (27)
the values of A\ which solve . Then the p-components of our separated solution may be written as
Ji1(\/ALkp)
Rip(p) = ——F——. (28)

VP

Finally, to finish solving the wave equation via separation of variables, we return to the equation
T +ANT =0,
which has solutions
T (t) = Acos(cy/ A it) + Bsin(ey/ A it). (29)
So we find that
u(p, 0, 6,t) ii i (Aigem cos(cy/Arkt) + Bigm sin(c )\l’kt))M
1=0 k=1 m=—1 VP

As always, the coefficients Ajx,, and B, will be determined by two initial conditions.

"(0,¢).  (30)

1.2.3 Heat equation on the ball

Note that the same separation of variables arguments could have been run up until ( . to solve the heat

equatlorEl
= DAu

on the ball Br(0) with homogeneous Dirichlet boundary conditions. The final result would be the familiar
looking expression

Jip A
u(p,0.6,1) ZZ Z Apgme= DA 2 (ﬁ Dy 0.6), (31)

=0 k=1m=—1

where the coefficients Ay, are determined by the initial condition.

1We use the notation D instead of k for the coefficient in the heat equation here to avoid confusion with the summation
index.
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