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We continue our study of the Laplace equation.

References being used: [[vrXXl] §6.3] (86.3) and [Str08, Ch.6].

1 Uniqueness of solutions to the 2d Laplace equation

Last lecture we proved the existence of a variety of solutions to the 2d Laplace equation. We will not be able
to prove a general existence theorem in this class. We can, however, tackle the problem of uniqueness.

1.1 First go around: The Maximum Principle
As a first pass, we will prove a uniqueness result by making use of a maximum principle (recall that we did
this previously for the heat equation). For harmonic functions, the statement is as follows:

Proposition 1.1 (Maximum Principle (Harmonic Functions)). Let Q be _a connected, bounded, OPETH set in
R2. Suppose that u is a harmonic function on Q which is continuous on Q = QU Q. Then,

= 1

IfggU(w) max u(z), (1)
. o )
I;lelgu(x) min u(z), (2)

and if the maximum or minimum of u is attained at an interior point x, € € then u is constant.

Proof. Recall the statement of the mean value formula for a harmonic function, that we proved last time:

Suppose that u is a harmonic function on a domain 2, and that Br(p) C Q. Then the value of u at p is
equal to the average of u over Sgr(p):

1
u(p) = —— u dvol . 3
(®) ISR Jsn ) o) ®)

Here we are using the notation

Br(p) = {Z € R?||p— #| < R}, (4)
Sr(p) = 0Dr(p) = {Z € R?||p — &| = R}, (5)

for the ball and circle of radius R centred at p € R?, respectively.

1 As topology is not a prerequisite to this class, students should consider “open” to mean “around every point in the set is
an open ball fully contained in the set”.


http://www.math.toronto.edu/courses/apm346h1/20181/PDE-textbook/Chapter6/S6.3.html
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It is sufficient to prove the claim involving the maximum. First, since u is assumed to be continuous is must
attain its maximum, M, at some point x,; € Q.

Suppose that x5, € Q. For some radius R we have the containment Br(zas) C 2, and so applying the mean

value formula we find

1
M=u(xpy) = ———— u(x)dvol.
230) = TSatoan resmonn "

Since Sr(xar) C 2 we have that for every x € Sg(znr),

u(z) < M;

but in order for the average of the function to be equal to its maximum, the function must be constant!
Hence, u|g(z,,) is constant. As the same argument could be applied to every radius < R, this implies that
U Bp(an) = M is constant.

But now: choose some other point «,; € Br(x ) — which by the above is also a maximum for u — and repeat
the argument above for a new disc centred at z7,. We find that v must be constant on this new disc as well.
In fact, since by assumption ) is connected, given any point x € €2 we can find a chain of discs connecting z
to x 7, such that u is constant on every disc in the chain. Therefore © must be constant on the entire domain
Q. O
We can now use the maximum principle to prove unicity for the Dirichlet problem:
Theorem 1.2 (Unicity of Dirichlet problem). Let  be as above, and consider the Dirichlet problem
Au(z) = f(z), z€Q, (6)
u(z) = g(z). x € 0. (7)
Suppose that uy and us solve @7. Then u; = us.

Proof. Set v :=u; —us. Then Av =0 on €, and v|gg = 0. Since v must achieve its maximum and minimum
on 02 it must be identically zero. Hence, u; = us. O

1.2 More general boundary conditions

Now, consider the problem

Au —cu =0, in €, (8)
u=0, onT'_, 9)

ou

W —au=0, onTly, (10)

where

e () is a connected bounded domain with smooth boundary 952,
o 8Q:F+UF77 and FJFOF, :@,
e v is an inward pointing unit normal vector field along 02, and % =Vu-v,

e ¢ and « are real-valued functions.
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Then

0= —/ u(Au — cu)dvolg
Q

:/ (|Vu|2+cu2)+/ u%dvolag
Q oa O

v
:/ (|Vu|2+cu2)+/ au’dvolag.
Q r,

Therefore, under the additional assumption that
c>0 and a >0, (11)
we may conclude that Vu = 0, and so u is constant. Moreover, provided
c#0 or aZ0 or r_ #0, (12)
we may conclude that v = 0.

Theorem 1.3 (Unicity of non-Neumann Laplace problem). With all notation as above, consider the problem

Ay —cu = f, in Q, (13)
u =g, onT_, (14)

ou

5y "= h, onTy, (15)

Suppose that and at least one of the conditions from holds. Then if u; and us are solutions to
(L3)—(15), u1 = uz.

Proof. As in the previous proof, follows from linearity of the PDE and BCs — setting v = u; — us, v solves

f subject to and , and so v = 0. O

Now, suppose that none of the conditions from hold. Then the homogeneous problem we are considering
is

Au =0, in Q, (16)
ou
e 0, on Of). (17)

The arguments above tell us that the solutions to f are given by the constant functions u = C —
however the problem does not specify a particular value of C.

So, let’s consider the non-homogeneous version of this problem:

Au = f, in Q, (18)
ou
W h, on 0f). (19)

Just as we have encountered before, we can see that there is an additional constraint on existence of solutions
to this problem, since

/ f dVOlQ = / Au dVOlQ = — @ dVOlaQ.
Q Q o0 Ov

Theorem 1.4 (Unicity of Neumann problem up to constants). Assume that

/ f dvolg +/ h dvolpg = 0. (20)
Q 0

Then if uy and us are solutions to f, uy = ug + C for some constant C.

Proof. Same arguments as before, with the boundary condition giving the form of the constraint . O
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2 The Laplace equation in higher dimensions

Let’s now turn our attention to the Laplace equation in higher dimensions, and see what we can learn (and
in particular, what carries over from the n = 2 case). To start, recall the divergence theorem:

/V-Vdvolg = — [ V-vdvolpg (21)
Q o0

Here:
e () is a bounded domain with boundary 0f).

e 1 is an inward-pointing unit normal vector field.

e V is a vector field with divergence V - V.

Taking V =Vu gives:

/ Audvolg = f/ @dvolag (22)
Q a0 OV

Let w be another scalar function, and set V = wVu to get

Tw,u] := / (wAu + Vu - Vw) dvolg = —/ w@ dvolag. (23)
Q oo OV

Antisymmetrise to get

(wAu — uAw) dvolg = /

(uaw - wau) dvolyg (24)
o0 v

Iw,u] — Iu, w] :/

Q

Now, choose a point y € 2\ 9Q. If we are working in n-dimensions, define a function w by

R |$ - y|2—n, n 7é 2a
w(z) = { —loglz —y|l, n=2. (25)

For the remainder of this section we will assume that n # 2 — the n = 2 statements are left as an exercise.

We cannot immediately apply to the function w, since w is singular at y € €. So, excise a small ball of
radius € around y, Bc(y) C 2, and call the resulting domain Q. := Q \ B.(y). Then 9Q. = QU S.(y), and

we can apply to get

ow ou ow ou
/Qe (uAu — uAw)dvolg, = /{m (uay — way) dvolyqn + /Se(y) (uay - w@u) dvolg,_(y) (26)

Let’s think about what happens to the integral over S.(y) as € — 0. d,u is bounded by some finite constant

2—n

M on B(y), and wl|g_yy = € 7", so
0 0
/ w—u, dvol| < / w2l dvol < O™ vol (Sc(y)) = Coye,
Sew) Se(y) | OV —

where o,, is the volume of the unit n—sphereﬂ So, as € — 0, this term limits to zero.

2In particular, oo = 27 and o3 = 4.
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Since ‘g—lﬂs W) = (n — 2)e!=", the same argument does not work for the first term in this integral. Instead,
write 5 5 5
w w w
u——, dvol = / (v —u(y))—=—, dvol + u(y)/ —, dvol.
/s€<y) ov S.(w) ov S.(y)
We have

dw

(u —u(y))——, dvol
/Se(y) v

which again tends to zero as ¢ — 0. So we are left with

<(n—2)e""0 "t max |u(z) —u(y)| = (n —2)o, max |u(z) — u(y)|
z€S,(y) z€Se(y)

ow ow
li -, dvol =i ——dvol | =i —2)e "ot = (n—2)o,u(y).
lim Sé(y)u ., dvol = limy (u(y) /Se(y) % VO) lim ((n—2)e' "ope" u(y)) = (n — 2)onu(y)

Taking the limit of as € — 0 then gives

u
/QwAudVOIQ = /asz <u8y — w@v) dvolapg + (n — 2)opu(y).

Theorem 2.1. If Q is a bounded domain with boundary 0 and y € Q (in particular not on the boundary),
then

oG 0
u) = [ Gepau i+ [ (<ul@) g o)+ Glen Gu) Jduwba (20)
TEQ z€Q vy v
where G(x,y) is given by
ey
Glay)={ e T2 (28)
ﬂlog|xfy|, n=2.

In particular we have
1

1
Zlp— d S
2|x yl aw drr|z — y|

forn =1 and n = 3 respectively.

Remark 2.1. How would one cook up the function G(z,y) if it were not handed down to you from on high?
As an exercise, you should prove that G(z,y) satisfies the equation

where A, is the Laplacian in the z-coordinate, and 6(x — y) is defined by the property that

_ [ fl@), zeq
[ st = { 50 220
In particular, A,G(z,y) = 0 for = # y.

So, given the (overdetermined!) problem

Au = f, in Q,
u =g, on 0,
d,u=h, on 0€,

we can write

u(y) = /IEQ G(z,y)f(z) dvolg + /xeaQ G(z,y)h(z)dvolsg — /

€0

oG
g(x) o (7, y)dvolaq. (29)

Remark 2.2. If we let 2 — R™ and assume that f decays fast enough at infinity that the boundary terms in
vanish, we obtain a solution to the Poisson equation Au = f as

u(y) = G(z,y)Au(z)dry - - - dxy,.
R"L

For a more precise statement see [[vrXX| §7.2].
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2.1 Mean-value and maximum principles

Suppose that u is a harmonic function on B,.(y).
Theorem 2.2 (Mean-value Theorem). u(y) is given by the average of u over S,(y) and B, (y):

1 1
0= D o™ TG o (@)

Proof. The claim for B, (y) follows from the claim for S, (y), since

/ u(x)dac:/ / udvolg, ) | dp
Br(y) 0 SP(y)

= uyvol($1) [ " dp = ol (B, (1)

To prove the claim for S,.(y), consider (27):

oG

ou
u(y) = /BT(y) G(z,y) Au(z) dx + /ST(y) G(z,y) a(x)dx - /ST(y) u(x) 8—%(:10721) dx

= constant on S,.(y) constant on Sn(y)
r

Then the claim follows since by construction %—f = L on S, (y), and

— vol(Sr(y)

O

The proof we gave for the maximum principle in 2d using the mean-value theorem carries over to n-dimensions,
so we have:

Theorem 2.3 (Maximum and minimum principles). If u is a harmonic function on the bounded domain €2
then
maxu = maxu and miny = minu.
Q o0 Q o0

Moreover, if Q is connected and u attains its mazimum or minimum at some interior point of ), then u is
constant.
Finally, just as before, we can use the max/min principle to prove a uniqueness result for the Dirichlet
problem.

Theorem 2.4 (Unicity for Dirichlet problem). If Q is a bounded domain, the solution to the Dirichlet problem
for the Laplace equation in € is unique. If Q) is unbounded, we obtain uniqueness after specifying the extra
condition |u| — 0 as |z| — co.
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